Nuclear scissors modes are considered in the frame of Wigner function moments method generalized to take into account spin degrees of freedom and pair correlations simultaneously. A new source of nuclear magnetism, connected with counter-rotation of spins up and down around the symmetry axis (hidden angular momenta), is discovered.
Introduction
The nuclear scissors mode was predicted [1] - [4] as a counter-rotation of protons against neutrons in deformed nuclei. However, its collectivity turned out to be small. From RPA results which were in qualitative agreement with experiment, it was even questioned whether this mode is collective at all [5, 6] . Purely phenomenological models (such as, e.g., the two rotors model [7] ) and the sum rule approach [8] did not clear up the situation in this respect. Finally in a recent review [9] it is concluded that the scissors mode is "weakly collective, but strong on the single-particle scale" and further: "The weakly collective scissors mode excitation has become an ideal test of models -especially microscopic models -of nuclear vibrations. Most models are usually calibrated to reproduce properties of strongly collective excitations (e.g. of J π = 2 + or 3 − states, giant resonances, ...). Weakly-collective phenomena, however, force the models to make genuine predictions and the fact that the transitions in question are strong on the single-particle scale makes it impossible to dismiss failures as a mere detail, especially in the light of the overwhelming experimental evidence for them in many nuclei [10, 11] ."
The Wigner Function Moments (WFM) or phase space moments method turns out to be very useful in this situation. On the one hand it is a purely microscopic method, because it is based on the Time Dependent Hartree-Fock (TDHF) equation. On the other hand the method works with average values (moments) of operators which have a direct relation to the considered phenomenon and, thus, make a natural bridge with the macroscopic description. This makes it an ideal instrument to describe the basic characteristics (energies and excitation probabilities)
of collective excitations such as, in particular, the scissors mode.
Further developments of the WFM method, namely, the switch from TDHF to TDHFBogoliubov (TDHFB) equations, i.e. taking into account pair correlations, allowed us to improve considerably the quantitative description of the scissors mode [12, 13] : for rare earth nuclei the energies were reproduced with ∼ 10% accuracy and B(M1) values were reduced by about a factor of two with respect to their non superfluid values. However, they remained about two times too high with respect to experiment. We have suspected, that the reason of this last discrepancy is hidden in the spin degrees of freedom, which were so far ignored by the WFM method.
In a recent paper [14] the WFM method was applied for the first time to solve the TDHF equations including spin dynamics. As a first step, only the spin orbit interaction was included in the consideration, as the most important one among all possible spin dependent interactions because it enters into the mean field. The most remarkable result was the discovery of a new type of nuclear collective motion: rotational oscillations of "spin-up" nucleons with respect of "spin-down" nucleons (the spin scissors mode). It turns out that the experimentally observed group of peaks in the energy interval 2-4 MeV corresponds very likely to two different types of motion: the orbital scissors mode and this new kind of mode, i.e. the spin scissors mode. The pictorial view of these two intermingled scissors is shown on Fig. 1 , which is just the modification (or generalization) of the classical picture for the orbital scissors (see, for example, [7, 9] ). The next step was done in the paper [15] , where the influence of the spin-spin interaction on the scissors modes was studied. There was hope that, due to spin dependent interactions, some part of the force of M1 transitions will be shifted to the energy region of 5-10 MeV (the area of a spin-flip resonance), decreasing in such a way the M1 force of scissors. However, these expectations were not realised. It turned out that the spin-spin interaction does not change the general picture of the positions of excitations described in [14] pushing all levels up proportionally to its strength without changing their order. The most interesting result concerns the B(M1) values of both scissors -the spin-spin interaction strongly redistributes M1 strength in favour of the spin scissors mode practically without changing their summed strength.
In the present work we suggest a generalization of the WFM method which takes into account spin degrees of freedom and pair correlations simultaneously. According to our previous calculations these two factors, working together, should improve considerably the agreement between the theory and experiment in the description of nuclear scissors modes.
The paper is organized as follows. In Sec. 2 the TDHFB equations for the 2x2 normal and anomalous density matrices are formulated and their Wigner transform is found. In Sec. 3 
Wigner transformation of TDHFB equations
The Time-Dependent Hartree-Fock-Bogoliubov (TDHFB) equations in matrix formulation are [16, 17] 
with
The normal density matrixρ and Hamiltonianĥ are hermitian whereas the abnormal densitŷ κ and the pairing gap∆ are skew symmetric:
We do not specify the isospin indices in order to make formulae more transparent. They will be re-introduced at the end. Let us introduce the more compact notation r, s|X|r , s = X ss rr . Then the set of TDHFB equations (4) with specified spin indices reads
This set of equations must be complemented by the complex conjugated equations. Writing these equations, we neglected the diagonal matrix elements in spin, κ ss rr and ∆ ss rr . It is shown in Appendix A that such approximation works very well in the case of monopole pairing considered here.
We will work with the Wigner transform [17] of equations (5) . The relevant mathematical details can be found in [12] . The most essential relations are outlined in Appendix B. ¿From now on, we will not write out the coordinate dependence (r, p) of all functions in order to make the formulae more transparent. The Wigner transform of (5) can be written as
where the functions h, f , ∆, and κ are the Wigner transforms ofĥ,ρ,∆, andκ, respectively, f (r, p) = f (r, −p), {f, g} is the Poisson bracket of the functions f (r, p) and g(r, p) and {{f, g}} is their double Poisson bracket; the dots stand for terms proportional to higher powers ofh. This set of equations must be complemented by the dynamical equations forf
They are obtained by the change p → −p in arguments of functions and Poisson brackets. So, in reality we deal with the set of twelve equations. We introduced the notation κ ≡ κ ↑↓ and ∆ ≡ ∆ ↑↓ . Symmetry properties of matricesκ,∆ and the properties of their Wigner transforms (see Appendix B) allow one to replace the functions κ ↓↑ (r, p) and ∆ ↓↑ (r, p) by the functions
Following the paper [14] we will write above equations in terms of spin-scalar
and spin-vector
functions. Furthermore, it is useful to rewrite the obtained equations in terms of even and
(f +f ) and
(f −f ) and real and imaginary parts of κ and ∆:
(∆ − ∆ * ). We have
The following notation is introduced here:
These twelve equations will be solved by the method of moments in a small amplitude approximation. To this end all functions f (r, p, t) and κ(r, p, t) are divided into equilibrium part and deviation (variation): f (r, p, t) = f (r, p) eq + δf (r, p, t), κ(r, p, t) = κ(r, p) eq + δκ(r, p, t).
Then equations are linearized neglecting quadratic terms.
From general arguments one can expect that the phase of ∆ (and of κ, since both are linked, according to equation (20)) is much more relevant than its magnitude, since the former determines the superfluid velocity. After linearization, the phase of ∆ (and of κ) is expressed by δ∆ i (and δκ i ), while δ∆ r (and δκ r ) describes oscillations of the magnitude of ∆ (and of κ).
Let us therefore assume that
This assumption was explicitly confirmed in [18] for the case of superfluid trapped fermionic atoms, where it was shown that δ∆ r is suppressed with respect to δ∆ i by one order of ∆/E F , where E F denotes the Fermi energy.
The assumption (8) allows one to neglect all terms containing the variations δκ r and δ∆ r in the equations (7) after their linearization. In this case the "small" variations δκ r and δ∆ r will not affect the dynamics of the "big" variations δκ i and δ∆ i . This means that the dynamical equations for the "big" variations can be considered independently from that of the "small" variations, and we will finally deal with a set of only ten equations.
Model Hamiltonian
The microscopic Hamiltonian of the model, harmonic oscillator with spin orbit potential plus separable quadrupole-quadrupole and spin-spin residual interactions is given by
where N and Z are the numbers of neutrons and protons andŜ µ are spin matrices [19] :
Mean Field
Let us analyze the mean field generated by this Hamiltonian.
Spin-orbit Potential
Written in cyclic coordinates, the spin orbit part of the Hamiltonian readŝ
where [19] 
cyclic coordinates r −1 , r 0 , r 1 are defined in [19] , C λµ 1σ,1ν is a Clebsch-Gordan coefficient and
Matrix elements ofĥ ls in coordinate space can be obviously written [14] as
Their Wigner transform reads [14] :
where
1ν,1α r ν p α .
Quadrupole-quadrupole interaction
The contribution of Hto the mean field potential is easily found by replacing one of the q 2µ
operators by the average value. We have
Here
and τ being the isospin index.
Spin-spin interaction
The analogous expression for H ss is found in a standard way [15] with the following result for the Wigner transform of the proton mean field:
where n ss τ (r, t) =
. The Wigner transform of the neutron mean field V ss n is obtained from (19) by the obvious change of indices p ↔ n.
Pair potential
The Wigner transform of the pair potential (pairing gap) ∆(r, p) is related to the Wigner transform of the anomalous density by [17] 
where v(p) is a Fourier transform of the two-body interaction. We take for the pairing interaction a simple Gaussian of strength V 0 and range r p [17] v(p) = βe
For the values of the parameters, see section 5.1.
Equations of motion
Integrating the set of equations (7) over phase space with the weights W = {r ⊗ p} λµ , {r ⊗ r} λµ , {p ⊗ p} λµ , and 1 (22) one gets dynamic equations for the following collective variables:
e (r, p, t),
where ς = +, −, ↑↓, ↓↑, and
The required expressions for h ± , h ↑↓ and h ↓↑ are
where according to (19) 
and the neutron potentials V ς n are obtained by the obvious change of indices p ↔ n. Variations of these mean fields read:
where δZ
Variations of h − , h ↑↓ and h ↓↑ are obtained in a similar way. Variation of the pair potential is
We are interested in the scissors mode with quantum number K π = 1 + . Therefore, we only need the part of dynamic equations with µ = 1.
It is convenient to rewrite the dynamical equations in terms of isoscalar and isovector
It also is natural to define isovector and isoscalar strength constants
(κ+κ) connected by the relation κ 1 = ακ 0 [20] . Then the equations for the neutron and proton systems are transformed into isovector and isoscalar ones. Supposing that all equilibrium characteristics of the proton system are equal to that of the neutron system one decouples isovector and isoscalar equations. This approximations looks rather crude, nevertheless the possible corrections to it are very small, being of the order (
The integration yields the following set of equations for isovector variables:
are semiaxes of ellipsoid by which the shape of nucleus is approximated, δ -deformation parameter, R 0 = 1.2A 1/3 fm. 
Results of calculations
The set of equations (27) coincides with the set of equations (27) Imposing the time evolution via e iEt/h for all variables one transforms (27) into a set of algebraic equations. It contains 23 equations. To find the eigenvalues we construct the 23x23 determinant and seek (numerically) for its zeros. We find seven roots with exactly E=0 and 16 roots which are non zero: eight positive ones and eight negative ones (situation is exactly same as with RPA; see [21] for connection of WFM and RPA). In this paper we consider only the two lowest roots corresponding to the orbital and spin scissors. The qualitative picture of high lying modes remains practically without any changes in comparison with [15] .
Seven integrals of motion corresponding to Goldstone modes (zero roots) can be found analytically. They are written out in the Appendix C. The interpretation of some of them has been found in [15] , whereas the interpretation of the remaining ones seems not to be obvious.
Choice of parameters
• Following our previous publications [20, 21] we take for the isoscalar strength constant of the quadrupole-quadrupole residual interaction κ 0 the self consistent value [22] 
• The equations (27) contain the functions ∆ 0 (r ) ≡ ∆ eq (r , p F (r ) Fig. 2 ). The value of r is not fixed by the theory and can be used as the fitting parameter. We have found in our previous paper [13] that the best agreement of calculated results with experimental data is achieved at the point r where the function I κ∆ pp (r , p F (r )) has its maximum. Nevertheless, to get rid off the fitting parameter, we use the averaged values of these functions:∆ 0 = dr n 0 (r)∆ 0 (r, p F (r))/A, etc. The gap ∆(r, p F (r)), as well as the integrals I κ∆ pp (r, p F (r)), K 4 and K 0 , were calculated with the help of the semiclassical formulae for κ(r, p) and ∆(r, p) (see Appendix D), a Gaussian being used for the pairing interaction with r p = 1.9 fm and V 0 = 25 MeV [17] . Those values reproduce usual nuclear pairing gaps.
• The used spin-spin interaction is repulsive, the values of its strength constants being taken from the paper [23] , where the notation χ = K s /A,χ = qχ was introduced. The constants were extracted by the authors of [23] from Skyrme forces following the standard procedure, the residual interaction being defined in terms of second derivatives of the Hamiltonian density H(ρ) with respect to the one-body densities ρ. Different variants of Skyrme forces produce different strength constants of spin-spin interaction. The most consistent results are obtained with SG1, SG2 [24] and Sk3 [25] forces. To compare theoretical results with experiment the authors of [23] preferred to use the force SG2. Nevertheless they have noticed that "As is well known, the energy splitting of the HF states around the Fermi level is too large. This has an effect on the spin M1 distributions that can be roughly compensated by reducing the K s value". According to this remark they changed the original self-consistent SG2 parameters from K s = 88 MeV, q = −0.95 to K s = 50 MeV, q = −1. It was found that this modified set of parameters gives better agreement with experiment for some nuclei in the description of spin-flip resonance. So we will use K s = 50 MeV and q = −1.
• Our calculations without pairing [15] What value of η to use? Accidentally, the choice of η in our previous papers [14, 15] was not very realistic. The main purpose of the first paper was the introduction of spin degrees of freedom into the WFM method, and the aim of the second paper was to study the influence of spin-spin forces on both scissors -we did not worry much about the comparison with experiment. Now, both preliminary aims being achieved, one can think about the agreement 
Discussion and interpretation of results
The energies and excitation probabilities of orbital and spin scissors modes obtained by the solution of the isovector set of equations (27) are displayed in the Table 1 . 
with the results of the paper [13] where no spin degrees of freedom had been considered and with the experimental data. The respective results are shown in the Table 2 .
It is seen that the inclusion of spin degrees of freedom in the WFM method does not change markedly our results (in comparison with previous ones [13] ). Of course, the energy changed in case in the paper [13] .
The result look discouraging. However, a phenomenon, which was missed in our previous papers and described in the next section will save the situation.
6 Counter-rotating angular momenta of spins up/down (hidden angular momenta)
The equilibrium (ground state) orbital angular momentum of any nucleus is composed of two equal parts: half of nucleons (protons + neutrons) having spin projection up and other half having spin projection down. It is known that the huge majority of nuclei have zero angular momentum in the ground state. We will show below that as a rule this zero is just the sum of two rather big counter directed angular momenta (hidden angular momenta, because they are not manifest in the ground state) of the above mentioned two parts of any nucleus. Being connected with the spins of nucleons this phenomenon naturally has great influence on all nuclear properties connected with the spin, in particular, the spin scissors mode.
Let us analyze the procedure of linearization of the equations of motion for collective variables (23) . We consider small deviations of the system from equilibrium, so all variables are written as a sum of their equilibrium value plus a small deviation:
Neglecting quadratic deviations one obtains the set of linearized equations for deviations depending on the equilibrium values R τ ς λµ (eq) and L τ ς λµ (eq), which are the input data of the problem. In the paper [15] we made the following choice:
At first glance, this choice looks quite natural. Really, relations (28) follow from the axial symmetry of nucleus. Relations (29) are justified by the fact that these quantities should be diagonal in spin at equilibrium. The variables L τ ς λµ (t) contain the momentum p in their definition which incited us to suppose zero equilibrium values as well (we will show below that it is not true for L − 10 because of quantum effects connected with spin). The relation R − λµ (eq) = 0 follows from the shell model considerations: the nucleons with spin projection "up" and "down" are sitting in pairs on the same levels, therefore all average properties of the "spin up" part of nucleus must be identical to that of the "spin down" part.
However, the careful analysis shows that being undoubtedly true for variables R 
is the i-th component of the nuclear current. In the last relation the definition [17] of Wigner function is used. Performing the integration over p one finds:
. The density matrix of the ground state nucleus is defined [17] as
where v 2 ν are occupation numbers and φ ν are single particle wave functions. For the sake of simplicity we will consider the case of spherical symmetry. Then ν = nljm and
Inserting this expression into (31) one finds:
Here the definitionl µ = −h √ 2{r ⊗ ∇} 1µ , formulal 0 Y lΛ = ΛY lΛ and normalization of functions R nlj were used. Remembering the definition of the spin function χ 1 2 σ (s) = δ σ,s we get finally: 
where the notation j ± = l ± (40) and (41) one finds: ) and in the second sum -over levels of the higher partner (j = l − ). So, the ground state nucleus consists of two equal parts having nonzero angular momenta with opposite directions, which compensate each other resulting in the zero total angular momentum. This is graphically depicted in Fig. 4(a) .
On the other hand, when the opposite angular momenta become tilted, one excites the system and the opposite angular momenta are vibrating with a tilting angle, see Fig. 4(b) .
Actually the two opposite angular momenta are oscillating, one in the opposite sense of the other. It is rather obvious from Fig. 1 that these tilted vibrations happen separately in each of the neutron and proton lobes. These spin-up against spin-down motions certainly influence the excitation of the spin scissors mode. So, classically speaking the proton and neutron parts of the ground state nucleus consist each of two identical gyroscopes rotating in opposite directions. One knows that it is very difficult to deviate gyroscope from an equilibrium. So one can expect, that the probability to force two gyroscopes to oscillate as scissors (spin scissors)
should be small. This picture is confirmed in the next section.
Results of calculations continued
We made the calculations taking into account the non zero value of L The results of systematic calculations for rare-earth nuclei are presented in Tables 3 and 4 Table 3 contains the results for well deformed nuclei with δ ≥ 0.18. It is easy to see that the overall (general) agreement of theoretical results with experimental data is substantially improved (in comparison with our previous calculations [13] ).
The results of calculations for two groups ("light" and "heavy") of weakly deformed nuclei with deformations 0.14 ≤ δ ≤ 0.17 are shown in the Table 4 . They require some discussion, because of the self-consistency problem. These two groups of nuclei are transitional between well deformed and spherical nuclei. Systematic calculations of equilibrium deformations [16] Os, whereas their experimental values are δ eq = 0.14, 0.17, 0.16, 0.15 and 0.14 respectively.
As one sees, the discrepancy between theoretical and experimental δ eq is large. Uncertain signs of theoretical equilibrium deformations are connected with very small (∼0.1-0.2 MeV) difference Table 3 .
between the values of deformation energies E def at positive and negative δ eq . Even more so, This means that for the correct description of their dynamical and equilibrium properties it is necessary to include higher order Wigner function moments (at least fourth order) in addition to the second order ones. In this case it would be natural also to use more complicate mean field potentials (for example, the Woods-Saxon one or the potential extracted from some of the numerous variants of Skyrme forces) instead of the too simple Nilsson potential. Naturally, this will be the subject of further investigations. However, to be sure that the situation with these nuclei is not absolutely hopeless, one can try to imitate the properties of the more perfect potential by fitting parameters of the Nilsson potential. As a matter of fact this potential has the single but essential parameter -the spin-orbital strength κ N ils . It turns out that changing its value from 0.0637 to 0.05 (the value used by Nilsson in his original paper [26] ) is enough to obtain the reasonable description of B(M1) factors (see Table 4 ). To obtain the reasonable description of the scissors energies we use the "freedom" of choosing the value of the pairing interaction constant V 0 in (21) . It turns out that changing its value from 25 MeV to 27 MeV is enough to obtain the satisfactory agreement between the theoretical and experimental values of E sc ( Table 4 ). MeV (as for weakly deformed). That is why they appear in both Tables.
The isotopes
Returning to the group of well deformed nuclei with δ ≥ 0.18 ( 
Conclusion
The method of Wigner function moments is generalized to take into account spin degrees of freedom and pair correlations simultaneously. The inclusion of the spin into the theory allows one to discover several new phenomena. One of them, the nuclear spin scissors, was described and studied in [14, 15] , where some indications on the experimental confirmation of its existence in actinides nuclei are discussed. Another phenomenon, the opposite rotation of spin up/down nucleons, or in other words, the phenomenon of hidden angular momenta, is described in this 
where σ y is the Pauli matrix and K 0 is the complex-conjugation operator.
According to formula (7.12) of [17] 
This result means that in accordance with the theorem of Bloch and Messiah we have found the basis |ν in which the abnormal density κ ν,ν has the canonical form. Therefore the spin structure of κ ν,ν is
or κν ,ν = −κ ν,ν and κ ν,ν = κν ,ν = 0.
With the help of (A.2) formula (A.1) can be transformed into
that reproduces formula (D.48) of [17] .
What is the spin structure of κ(r, s; r , s )?
Let us consider the spherical case:
σ (s) = δ σ,s and angular variables are denoted by Ω.
Time reversal:
As a result
that coincides with formula (2.45) of [17] . Formula (A.4) can be rewritten now as It is obvious that κ(r, ↑; r , ↓) = −κ(r, ↓; r , ↑), i.e. in the coordinate representation the spin structure of κ has nothing common with (A.3).
The anomalous density defined by (A.6) has not definite angular momentum J and spin S.
It can be represented as the sum of several terms with definite J, S. We have: The direct product of spin functions in this formula can be written as According to this result the formula for κ consists of two terms: the one with S = 0 and another one with S = 1. It was shown in the paper [30] that the term with S = 1 is an order of magnitude less than the term with S = 0, so we can neglect by it. Then 
